Spin transport of magnonic excitations in uniaxial insulating antiferromagnets (AFs) is investigated. In linear response to spin biasing and a temperature gradient, the spin transport properties of normal-metal-insulating antiferromagnet-normal-metal heterostructures are calculated. We focus on the thick-film regime, where the AF is thicker than the magnon equilibration length. This regime allows the use of a drift-diffusion approach, which is opposed to the thin-film limit considered by Bender et al. 2017 , where a stochastic approach is justified. We obtain the temperature-and thickness-dependence of the structural spin Seebeck coefficient S and magnon conductance G. In their evaluation we incorporate effects from field-and temperature-dependent spin conserving intermagnon scattering processes. Furthermore, the interfacial spin transport is studied by evaluating the contact magnon conductances in a microscopic model that accounts for the sub-lattice symmetry breaking at the interface. We find that while inter-magnon scattering does slightly suppress the spin Seebeck effect, transport is generally unaffected, with the relevant spin decay length being determined by non-magnon-conserving processes such as Gilbert damping. In addition, we find that while the structural spin conductance may be enhanced near the spin flip transition, it does not diverge due to spin impedance at the normal metal-magnet interfaces.
I. INTRODUCTION
Spin-wave excitations in magnetic materials are a cornerstone in spintronics for the transport of spin-angular momentum [1, 2] . The usage of antiferromagnetic materials has gained a renewed interest due to their high potential for practical applications. The most attractive properties of antiferromagnets (AFs) are the lack of stray fields and the fast dynamics that can operate in the THz frequency range [3] . Those attributes have the potential to tackle current technological bottlenecks, like the absence of practical solutions to generate and detect electromagnetic waves in the spectrum ranging from 0.3 THz to 30 THz (the terahertz gap) [2] . Nevertheless, the control and access to the high-frequency response of AFs is challenging. New proposals circumvent one of these obstacles by manipulating metallic AFs with charge currents, through the so-called spin-orbit torques [4] [5] [6] . Antiferromagnetic insulators, however, offer a compelling alternative since the Joule heating caused by moving electrons is absent. In such systems, the study of transport instead focuses on their magnetic excitations.
In insulating AFs the spin-angular momentum is transferred by their quantized low-energy excitations, i.e., magnons. Since the AF in its groundstate is composed of two collinear magnetic sublattices, magnons carry opposite spin angular momentum. The transport of magnons has been experimentally achieved through the longitudinal spin Seebeck effect in AF|NM [7] [8] [9] [10] [11] [12] [13] and FM|AF|NM [14] [15] [16] [17] heterostructures, in which magnons were driven by a thermal gradient across the AF. Alternatively, thermal injection of magnons in AFs has been studied [18, 19] by a spin accumulation at the contact with adjacent metals. In addition, it was shown that thermal magnon transport takes place at zero spin bias when the sublattice symmetry is broken at the interfaces, e.g., induced by interfacial magnetically uncompensated AF order [20] . Complementarily, coherent spin transport induced by spin accumulation has been earlier considered and predicted to result in spin superfluidity [21, 22] or Bose-Einstein condensates of magnons [23] . Recently, it has been shown via non-local spin transport measurements that magnons remarkably propagate at long distances in insulating AFs; α-Fe 2 O 3 [24] , Cr 2 O 3 [25] and MnPS 3 [26] . Their exceptional transport properties, as well as those reported in Refs. [7] [8] [9] [10] [11] , are governed by the spin conductance and spin Seebeck coefficients. Rezende et al. [27] discussed theoretically the spin Seebeck effect in AFs in contact with a normal metal. They obtain the Seebeck coefficient in terms of temperature and magnetic field, finding a good qualitative agreement with measurements in MnF 2 /Pt [7] . In addition, it was found that magnon scattering processes affect significantly the spin Seebeck coefficient. Hitherto there has been no complete studies on the underlying mechanism for spin transport coefficients, e.g., their thickness-, temperature-and fielddependence, effects derived from magnon-magnon interactions or when the sublattice symmetry is broken at the interfaces.
In this work, we describe spin transport though a left normal-metal-insulating antiferromagnet-right normalmetal (LNM|AF|RNM) heterostructure. As depicted in Fig. 1 , magnon transport is driven by either a temperature gradient or spin biasing. We focus on the thick-film limit, where the thickness d of the AF is greater than the internal equilibration length l for the magnon gas. This limit implies a diffusive regime where magnons are in a local equilibrium described by a local temperature arXiv:1909.05881v1 [cond-mat.mes-hall] 12 Sep 2019 and chemical potential. This is in contrast to our earlier, stochastic treatment of thin-films (d l) where spin waves do not establish a local equilibrium [18] . Specifically, we study the spin transport by evaluating, via a phenomenological theory, the structural spin Seebeck coefficient S and magnon conductance G. Furthermore, we investigate their temperature-and magnetic-field dependence by computing the interfacial conductance coefficients in a microscopic model for the NM|AF interface and evaluating the various coefficients using a Boltzmann approach.
A normal-metal-insulating antiferromagnet-normalmetal heterostructure. An external field H is applied along the z direction. A spatially dependent temperature T (x) and a spin bias µ is considered. As a result, a magnon spin current j flows through the AF of thickness d.
The paper is outlined as follows. In Sec. II, we introduce the microscopic Hamiltonian for the bulk AF and its interaction with the metallic contacts. In Sec. III, we formulate the phenomenological spin diffusion model, including scattering between magnon branches, and obtain expressions for the structural Seebeck coefficient and magnon conductance. In Sec. IV, we compute the coefficients for interfacial magnon transport from the microscopic model for the contacts. Based on this result, we estimate bulk transport coefficients assuming the interaction parameters are field and temperature independent. We conclude in Sec. VI with a discussion of our results. In the appendices, we detail various technical aspects of the calculations.
II. MODEL
We begin by defining the microscopic model for the LNM|AF|RNM heterostructure. The total Hamiltonian isĤ =Ĥ AF +Ĥ I +Ĥ e , whereĤ AF describes the AF spin system whileĤ I represents their interfacial contact with the normal metals. The HamiltonianĤ e describes the electronic states at the left-and right-lead. The coupling with LNM and RNM is modeled by a simple interfacial exchange Hamiltonian,
where J i is the exchange coupling between the electronic spin densityŜ(x) and the localized spin operatorŝ i at site i that labels the lattice along the interface. Here ρ i (x) is the density of the localized AF electron orbital representing effective spin densities at the interface. We will return to the study ofĤ I in Sec. IV to determine the contact spin conductance. The AF spin Hamiltonian is introduced by labelling each square sublattice site by the position i. The nearestneighbour Hamiltonian iŝ
withŝ i the spin operator at site i, J > 0 the antiferromagnetic exchange biasing, H the magnetic field, and κ the uniaxial easy-axis anisotropy. We are interested in small spin fluctuations (magnons) around the collinear bipartite ground state. The latter is the relevant ground state to expand around for magnetic fieds below the spinflop field H sf . Magnons are introduced by the HolsteinPrimakoff transformation [28] ,
andŝ i+ =ŝ † i− , when i belongs to sublattice a and b, respectively. We expand the spin Hamiltonian, Eq. (2), in powers of magnon operators that includes magnonmagnon interactions, up to the fourth order,Ĥ AF = H (2) AF +Ĥ (4) AF . To lowest order in s, excitations ofĤ (2) AF are diagonalized through the Bogoliubov transformation (see Appendix A for definition), by the operatorsα q and β q that carry spin angular momentum + ẑ and − ẑ respectively,
We refer to the magnons described by the operator α (β) as α-(β)magnons, respectively. The dispersion relation is α,β (q) = ±H + (6Js) 2 1 − γ 2 q + H 2 c in a 3-dimensional lattice, where ± stands for the α-and β-magnon branch, respectively. Here, H 2 c ≡ κ 2 + 2κ6Js is the critical field corresponding to the spin-flop transition, while γ q = (1/3) 3 n=1 cos(q n a), where a is the lattice spacing. Magnon-magnon interactions are represented by the interacting HamiltonianĤ (4) AF . In the diagonal basis, the interacting Hamiltonian becomes a lengthy expression that is detailed in Eq. (A7) (Appendix A). It consists of nine different scattering processes among α-and β-magnons. Some of these processes allow for the exchange of population of α-and β-magnons, see Fig. 6 .
III. SPIN TRANSPORT: PHENOMENOLOGICAL THEORY
We now outline the phenomenological spin transport theory for magnons across the LNM|AF|RNM heterostructure. In the subsections that follow, we estimate the structural spin Seebeck coefficient and structural magnon conductances. The basic assumption is that the equilibration length for magnon-magnon interactions is much shorter than the system length d, so that the two magnon gases are parametrized by local chemical potentials µ α and µ β and temperatures T α and T β . In keeping with our treatment of ferromagnets [29] , we assume that strong, inelastic spin-preserving processes fix the local magnon temperatures to that of the local phonon temperature. The local phonon temperature, in turn, is assumed to be linear across the AF, and to be equal to the electronic temperatures in each of the metallic leads. Only the magnon chemical potentials µ α and µ β are then left to be determined.
We then express phenomenologically the spin conservation laws in terms of the chemical potentials. Defining the magnon densities n α and n β , these reaḋ
Here, r i describes relaxation of spin into the lattice. In addition, g ij describes inelastic spin-conserving processes that accounts for, e.g., magnon-magnon and magnonphonon scattering, where the total number of magnons n α + n β may change but the spin ∼ n α − n β is constant. In what follows, the coefficients g ij , by assumption, have their origin in the coupling between magnons. The currents of α-and β-magnons, denoted as j α and j β , are given by j α = −σ α ∇µ α − ς α ∇T and j β = −σ β ∇µ β − ς β ∇T , where σ α,β and ς α,β are the bulk magnon spin conductivities and Seebeck coefficients, respectively. In writing the particle currents in the form above, we have neglected magnon-magnon drag, which stems from magnon-magnon interactions that transfer linear momentum from one magnon band to another in such a way that the total spin current is conserved. Such drag gives rise to cross-terms like j α ∝ ∇µ β . We shall simply limit the discussion to the regime in which such momentum scattering in subdominant to e.g. elastic disorder scattering. The bulk continuity equations, Eqs. (5a) and (5b), are complemented by the boundary conditions at the NM|AF interfaces on the spin currents j
x · j (s)
where we have chosen the left and right interfaces to correspond to the planes x = −d/2 and x = d/2. Inside the left and right normal metals the respective spin accumulations are µ L and µ R . Here G α,β are the contact magnon spin conductances of each interface. The contact Seebeck coefficient does not appear, as we are assuming a continuous temperature profile across the structure, i.e., there is no temperature difference between magnons at the interface and normal metal leads. For fixed spin accumulations µ L/R , Eqs. (5a-6d) form a closed set of equations with the parameters g, r α,β , ς α,β , σ α,β and G α,β to be estimated from microscopic calculations (see Sec. IV).
The inelastic spin-conserving terms g ij can be significantly simplified by additional considerations. Imposing spin conservation one finds that g αα = g βα and g αβ = g ββ . This result is obtained from Eqs. (5a-6d) by equatingṅ α −ṅ β = 0 in the absence of magnon currents and disregarding the relaxation term r i . In addition, we can estimate the field-and temperature-dependence of the coefficients g αα and g ββ , in particular near the spinflop transition. For this purpose, we use Fermi's golden rule to calculate the transition rate, defined as Γ αβ , that represents the instantaneous leakage of magnons due to the conversion between α-and β-magnons. Among the different scattering processes displayed in Fig. 6 , few of them conserve the number of α-or β-magnons and thus do not contribute to the transition rate. As detailed in Appendix B we sum over all the scattering rates,
αβ , and find that in linear response Γ αβ = −g (µ α + µ β ). Therefore, g αα = g αβ ≡ g, meaning that a single scattering rate describes the inelastic spin-conserving process. The coefficient g is expressed in terms of a complex integral, given in Eq. (B5), that can be estimated in certain limits. In the high temperature regime, where the thermal energy is much higher than the magnon gap, we obtain g = 2πN ς/ s
with ς a dimensionless integral defined in Appendix A.
In the steady state limit the magnon chemical potentials are described by Eqs. (5a) and (5b), and are of the general form µ α,β ∼ e ±x/λ . The collective spin decay length λ admits two solutions, 2λ −2
In the presence of bulk particlehole symmetry (B = 0), α and β magnons have equal properties. Thus the collective spin diffusion lengths become λ −2 1 = r/σ and λ −2 2 = (2g + r)/σ that differ due to the inelastic spin-conserving scattering (∼ g). In the following sections we evaluate the structural spin Seebeck coefficient and structural magnon conductance. We will consider separately two scenarios, a temperature gradient and spin bias across the LNM|AF|RNM heterostructure in Sec. III A and III B, respectively.
A. Spin Seebeck Effect
Let us assume a linear temperature gradient, with no spin accumulation in the normal metals. We solve for the spin current at the right interface,
) in presence of the temperature gradient ∆T . Then, the spin current flowing through the right interface is related to the thermal gradient by j s = S∆T , where S is the structural spin Seebeck coefficient. The general solution for S is found in Appendix C (Eq. C1). In what follows we examine several regimes of interest.
First, we consider the zero applied magnetic field case, but allow for sublattice symmetry breaking at the normal metal-magnet interfaces. Here, we have particle-hole symmetry in the bulk, so that the dispersion relations for the α-and β-magnons are identical. Furthermore, the bulk transport properties becomes independent of the magnon band, i.e., σ = σ α = σ β and ς = ς α = ς β . In this limit one finds
with G in the effective conductances defined by
n ] for i = α, β and n = 1, 2. We see that S is proportional to the bulk spin Seebeck conductivity ς. In the absence of symmetry breaking at the interfaces, G α = G β , the spin Seebeck effect vanishes as expected. When there is no magnetic field, it is thus essential to have systems with uncompensated interfaces to get a finite Seebeck effect. In order to understand the dependence of Eq. (9) on the film thickness d, it is useful to distinguish two thickness regimes. Let us first introduce a "thin" film regime,
which in the extreme thin film limit (d λ 2 ), becomes independent of d, S → (G β − G α )2ς/σ. This can be understood as the sum of two independent parallel channels, each with effective conductances renormalized by the bulk transport parameters. When G i > σ/λ n , we may also define a "thick" regime (d
in which the contact resistance dominates, i.e., G in ≈ G i (thick film). In this case, one obtains,
and S ∼ (σς/dλ 1 ) G
−1 T
at long distances d λ 1 . In this case, the net interfacial conductance behaves as the sum of a series spin-channels, each with conductance G α and G β . Note that as the Seebeck coefficient is defined through the relation j s = S∆T , the ∼ 1/d-dependence means that j s ∝ ∂ x T is independent of d; a Seebeck effect can thus originate for a thick AF due to a difference between the impedances of the magnon-bands just at the interface where the signal is measured.
Second, we consider effects of a finite applied magnetic field. In addition, we assume no symmetry-breaking at interfaces, G α = G β = G. In the "thick" film regime, we obtains S ≈ −(ς α − ς β )/d, which is simply the bulk value of the Seebeck coefficient. However, allowing symmetry breaking at the interfaces we can obtain S in the weak coupling regime, i.e., g r α , r β , corresponding to slow scattering between the magnon branches (compared to Gilbert damping). Expanding the collective spin decay length, Eqs. (7) and (8), to linear order in g/r α,β , we get
This expansion lead to corrections in the structural See-
, where
with
ni the lowest order of the effective conductances. It is interesting to note that Eq. (12) consists of two completely decoupled parallel channels. In the particular thick film regime (d
, which is consistent with the result obtained at finite field in the "thick" film regime and G α = G β . Although we allow for symmetry-breaking at the interface here, all of the interfacial properties are washed out in the thick film regime.
Last, consider the regime in which interactions are strong: g r α , r β and d λ 2 . Naively, one might expect interactions to greatly reduce the spin Seebeck effect. In fact, one finds that all dependence on g drops out:
Thus, even with strong interactions between magnon bands, the spin Seebeck effect becomes independent of g and nonzero. The effects of interband interactions are shown in Fig. (4a) ; while there is a slight suppression of the signal, the spin Seebeck effect is qualitatively unchanged by large scattering.
B. Spin biasing
Aside from a temperature gradient, a spin current may be generated by means of an electrically driven spin biasing across the spin (usually via the spin Hall effect in a normal metal contact) [24] . To model this, we consider the temperature constant throughout the structure, but a spin accumulation µ = µẑ is applied at the left interface, giving rise to a spin current j = Gµ flowing out of the opposite interface, parametrized by the structural conductance coefficient G. The full steady-state solution to Eqs. (5a) and (5b) is given by Eq. (C4) in Appendix C. In order to find simple relations for the spin conductance, we focus on three regimes.
First, we consider the case of sublattice symmetry and zero magnetic field, which entails particle-hole symmetry. At the interfaces, this entails G α = G β = G. In the bulk, this implies that bulk magnon spin conductivities and Seebeck coefficients are identical for each magnon branch. Here we find that only one collective spin decay length, λ r = σ/r, plays a role in transport. One obtains,
(Note that as the field -or symmetry-breaking at the interfaces -is turned on, the magnon-magnon interactions start to play a role). In the thin film regime (d λ r ), G ≈ G, which is just the series conductance of two parallel channels, each with interfacial conductance G/2 (due to the two interfaces through which the spin current must pass). In the opposite limit, d λ r , we find
exhibiting an exponential decay over the distance λ r . Second, we consider the strongly interacting case where g r α , r β and d λ 2 . Here, one finds that while the conductance generally depends on g, in this regime the conductance is finite and independent of g:
where
reduces to Eq. (14) under particle-hole symmetry, while
is nonzero only when particle hole symmetry is broken;
; the decay length λ r is given by the limit of λ 1 in the large g limit, yielding λ −2 r = (r α /σ α +r β /σ β )/2. Thus, we find that strong interactions do not radically alter the structural spin conductance in the sense that the spin conductance neither vanishes or diverges in this regime. When d λ r , Eq. (16) simplifies to:
Thus we find that for large inter-band scattering, the nonlocal signal does not depend on g but only on the decay processes (e.g. Gilbert damping) via r i . Third, we consider a finite magnetic field and the limit when magnons are non-interacting. In the zero coupling regime, g = 0, one finds that the structural conductance is the sum of the parallel channels, G = G α + G β . Here,
(20) where λ −2 ir = r i /σ i is determined by decay processes. For d λ ir , we find that
which shows an exponential decay over distance. Under particle hole symmetry at the bulk and interfaces, both Eqs. (21) and (19) reduce to Eq. (14) .
In the following sections we calculate and estimate the various parameters that enter into the phenomenological theory above.
IV. TRANSPORT COEFFICIENTS: MICROSCOPIC THEORY
In this section, we compute the interfacial spin conductances from a microscopic model for the interface. In addition, the bulk magnon conductance, as well as the bulk Seebeck coefficient, are obtained in linear response from transport kinetic theory. Based on these results the structural Seebeck coefficient is evaluated and plotted in Figs. 4.
A. Contact magnon spin conductance
In this section, we compute interface transport coefficients appropriate to our bulk drift-diffusion theory above, allowing for the boundary conditions, Eqs (6a) to be computed.
Let us suppose that the spin degrees of freedom of the AF are coupled to those of the normal metals by the exchange Hamiltonian (1). Here it is understood that i labels the lattice along the interface (see Fig. 2 ). Specifically, the lattice is the set of vectors R 2 = {naẑ + maŷ}. The integers n and m are such that i corresponds to a-and b-atoms when n + m are even and odd, respectively. In this model, we assume that a and b atoms are evenly spaced, which is not essential in what follows. Besides, the itinerant electronic density, corresponding to evanescent modes in the x-direction, decays over an atomistic distance inside the AF. The spin density of itinerant electrons in the normal metal iŝ
the local spin density at each lattice site i is modulated by the function ρ i (x) = |φ i (x)| 2 , with φ i the localized orbital at position i . Note that in general the orbitals for the a and b sublattices may be different.
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Effective spin densities of AF|NM interface as experienced by normal metal electrons scattering off of the interface, for the compensated and uncompensated cases.
Based on the model represented by the contact Hamiltonian (1), we wish to obtain the magnonic spin current across the interface using Fermi's Golden Rule. We expandĤ I in terms of magnon operators up to order n i /s,
I . The first term is the coherent HamiltonianĤ
the fermionic operator that annihilate (create) and electron with spin-σ and momentum k. The termĤ
gives rise to coherent spin torques, and magnonic corrections to it, ∼ n × µ. Since we are assuming a fixed order parameter n and focus only on thermal magnon spin currents, we need not consider this term. The second contribution,Ĥ (sf) I , is the spin-flip Hamiltonian that describes processes in which both branches of magnons are annihilated and created at the interface by spin-flip scattering of electrons. This term reads,
where the matrix elements are
Here, the function Ψ k (x) represent the eigenstates of the nonmagnetic Hamiltonian, i.e., evanescent modes in x direction, and delocalized Bloch states of the interfacial lattice. The quantities ρ a and ρ b are defined by ρ a (q,
as the density of the localized AF electron orbital at site i. The quantities coshθ q and sinhθ q originate from the Bogoliubov transformation that diagonalizes the noninteracting magnon Hamiltonian [30] .
It is instructive to consider the simplest case of interfacial spin transport. This occurs when the interface is fully compensated, i.e., ρ i∈a (x) = ρ i∈b (x + i)) and J a = J b , see right side of Fig. 2 . Because the normal metal electronic states Ψ k (x) are Bloch states of the interfacial nonmagnetic Hamiltonian, then translation by the lattice spacing a in the y (or z) direction transform,
Applying translational invariance on the full Hamiltonian, under x → x + aŷ, one has that this is independent of q + k − k , and it
, with the phase factor defined by φ = a q y + k y − k y . Since all of the interfacial transport coefficients are proportional to |V | 2 , we establish that they become identical for both magnonic branches, at zero field, for the case of fully compensated interface.
It is also interesting to note the role played by Umklapp scattering processes at the interface. Suppose again a fully compensated interface. Then, in the small q limit, one finds coshθ q ≈ sinhθ q , and the matrix elements V α qkk and V β qkk vanish when (q − k + k ) ⊥ = 0 (specular scattering of electrons), where the subscript "⊥" designates the in-plane components. However, when (q−k+k ) ⊥ = G mn , where G mn = n(π/a)ŷ+m(π/a)ẑ is the reciprocal lattice vector, the matrix elements do not vanish for odd values of m + n, and transport for each species becomes possible. We therefore expect Umklapp scattering processes to play a crucial role in the low temperature behavior of the magnon conductance, as well as other interfacial linear transport coefficients. This is consistent with Takei et al. [20, 21] , where Umklapp scattering is found to be responsible for a finite spin-mixing conductance, describing coherent spin torques, at an AF|NM interface. Umklapp processes, however, may only happen when part of the yz cross section of the normal metal |k| = 2k F surface lies outside the magnetic Brillioun zone of the lattice interface, for instance in a spherical Fermi surface this conditions becomes 2k F > π/a.
We return to the general case in order to obtain the contact magnon conductances G α,β . This can be done by a straightforward application of Fermi's Golden rule to calculate the magnonic spin current flowing across the interface. The magnon current is expressed as
and therefore, the magnon spin current through the interface becomes j s = (j α − j β ). Here we have defined for i = α, β,
with D F as the normal metal density of states and g 
Ratio of interfacial conductances of the two magnon branches α and β at zero field for different ratios of interfacial sublattice exchange constants. Sublattice symmetry breaking (Ja = J b ) is necessary to obtain a structural spin Seebeck effect in the absence of magnetic fields (see Eq. (9)). Inset: temperature dependence of Gα including and excluding Umklapp scattering (m = 0 and/or n = 0 in Eq. (28)). All curves are obtained for kF = 4/a, and 6Js 2 = 2Hc.
In a simple model, we may take the atomic densities for both sublattices as ρ i (x) = δ(x − r i ) and the normal metal wavefunctions
Here the function F k (x) describes the decay within the AF and V N M the normal metal volume. Then, defining the spin-mixing conductance g
2 , where η = dxF k (x)F * k (x), which we take to be momentum independent for simplicity, one may write the i-magnon spin current j i in Eq. (25) as
where the functions ξ
ll , which carry units of energy, are given by
m+n+1 coshθ q sinhθ q . The motivation for expressing the spin current in the form of Eq. (27) is that in the case of particle-hole symmetry at the interface, j i = (g ↑↓ /4π)ξ ∼ (g ↑↓ /4π)( ω − µ i )(n i /s). In particular, the m = n = 0 term in Eq. (28) gives spectral scattering processes, while all others (m = n = 0) correspond to Umklapp scattering.
The contact spin conductances G α and G β are obtained by the linearization of the i-magnon current given by Eq. (27), i.e., G i = (∂j i /∂µ i )| µi=0 . The ratio of interfacial conductances of the two magnon branches α and β is shown in Fig. 3 at zero field and as a function of ratios of interfacial sublattice exchange constants J a /J b . The ratio G α /G β reaches a maximum value to later saturates when J a /J b is increased. In particular, we note that G α = G β when the interfacial exchange constants are equal. Thus, the breaking of sublattice symmetry (J a = J b ) is necessary in realizing a structural spin Seebeck effect in the absence of a field, as is seen from Eq. (9). In the inset of Fig. 3 we display the temperature dependence of G α . In this plot we have included (solid line) and excluded (dashed line) Umklapp scattering. 3 (see Appendix B). Shown for both plots are Ω = 0, 1, 10, 10 3 , 10 5 , corresponding to a shift from blue to red coloring. While increased scattering slightly diminishes the SSE, it has no discernible effect on the spin conductance for these particular parameters. For these plots, the parameters g ↑↓ a = 1/100a 2 (which for a = 1Å corresponds to g ↑↓ ∼ 1/nm 2 ), kF = 1/a, 6Js 2 = 2Hc, α = 10 −3 and d = 100a were used.
B. Bulk magnon conductances and spin Seebeck coefficients
In this section, we evaluate the bulk magnon conductances σ α,β and bulk spin Seebeck coefficients ς α,β . These While the spin diffusion length λr diverges as |H| → Hc, the conductance G, though sharply increasing, does not actually diverge because of bottlenecking by the interface impedances; for noninteracting magnons it has a maximium value of max(Gα/2, G β /2) (see Eq. (34)). The colors and parameters are identical to those shown in Fig. 4 .
are obtained from standard kinetic theory of transport. Unlike previous works [27, 31, 32] , here we consider the magnonic transport driven, in addition to thermal gradients, by spin biasing. The generic expressions for the magnon current in the bulk are,
where the integration is over the Brillouin zone and i = α, β. The magnon relaxation time is τ i and the magnon group velocity along the x direction is v i = ∂ i / ∂k x . The number of i-magnons with momentum q is denoted by f i and given by the Bose-Einstein distribution function. This yields the transport coefficients,
whereJ ≡ 6Js 2 /H c is roughly the Néel temperature in units of H c and β = 1/k B T . Similarly, we may obtain expressions for the damping rates r i fromṅ i | α = (2π) −3 dq n i /τ ig with τ ig the Gilbert damping lifetime. From the above relation r i is extracted and obeys
and α is being the Gilbert damping constant. The momentum relaxation rate, entering in the transport coefficients obtained in Eqs. (30) and (31), has contributions from different sources; Gilbert damping, disorder scattering, magnon-phonon scattering and α-magnon-β-magnon scattering. For simplicity, we consider the regime in which Gilbert damping dominates transport:τ
whereτ −1 ig = 2α i /H c . Note that tilde represents units of H c .
In Figs. 4 (a) and (b) we show the temperaturedependence of the spin Seebeck coefficient and structural spin condutance, respectively using the interface and bulk transport coefficients above. The interaction parameter g grows with temperature (see Appendix B and C). As shown in Fig. 4 (a) , however, the effects of g are minimal, suppressing the spin Seebeck signal slightly and negligibly affecting the structural conductance.
V. SPIN-FLOP TRANSITION
The spin-flop transition occurs as |H| → H c from below. Here, the magnon spectrum becomes gapless and quadratic at low energies for one of the two magnon bands (say, the β-band, for purposes of discussion). When Gilbert damping dominates the transport time (Eq. (33)), the bulk conductance σ β in Eq. (30) demonstrates an infrared divergence, while ς β , r β and G β are finite. It is straightforward to show that the Seebeck coefficient, Eq. (C1), does not diverge in this case, consistent with [18] .
In contrast to [18] , however, the structural conductance G does not diverge in the diffusive regime. Here, it is instructive to consider the noninteracting case, Eq. (20) , which reduces to
which shows an algebraic, rather than exponential, decay in film thickness, due to a diverging decay length λ βr (∼ √ σ β ). For a thin film, this becomes G = G β /2; while the AF bulk shows zero spin resistivity (σ −1 β = 0) due to the Bose-Einstein divergence at low energies, structural transport is bottlenecked by the interface resistance G −1 β , which is only well defined in the diffusive regime. (The effect is similar to a superconducting circuit, which with perfectly conducting components, shows a finite resistance due to normal metal contacts.) While the signal does not diverge, there is a clear enhancement due to the diminished spin resistivity, as well as long-distance transport (algebraic in d), manifesting as a peak in the signal near the spin-flop transition [24] (see Fig. 5 ). A full calculation for nonlocal spin injection -including spin Hall/inverse spin Hall effects absent here -would show additional impedances to spin flow due to spin resistance in the normal metal injector and detector.
VI. CONCLUSION AND DISCUSSION
In summary, we have presented a study of spin transport of magnons in insulating AFs in contact with normal metals. We focus on the thick-film limit, wherein a diffusive regime can be assumed and magnons are in a local thermodynamical equilibrium. The excitation of magnon currents is considered in linear response and driven by either a temperature gradient and/or spin biasing. The spin transport is studied by evaluating the structural magnon conductance and spin Seebeck effect within a phenomenological spin-diffusion transport theory. These parameters were calculated in terms of bulk transport coefficients as well as contact magnon conductances. While the former were computed through kinetic theory of transport, the latter are obtained from a microscopic model of the NM|AF interface. Furthermore, we allowed for the breaking of sublattice symmetry at the interface assuming an uncompensated magnetic order. In addition, the field-and temperature-dependence of the inter-magnon scattering rates, which redistribute angular momentum between the magnon branches, were estimated. We find that the effects of inter-magnon scattering, which lock the two magnon bands together, is negligible. Furthermore, we show that even as the bulk spin resistivity vanishes near the spin flop transition, normal metal-magnet interface spin impedance ultimately bottleneck transport, irrespective of interactions, in contrast to the stochastic theory of [18] for thin films.
The phenomenological approach above ultimately breaks down for strong interactions (which occur near the spin-flop transition), where the individual α and β clouds are no longer internally equilibrated with welldefined chemical potentials an interactions. Instead, a treatment of the interacting clouds (e.g. a kinetic theory approach) beyond the quasiequilibrium approach that is adopted here is needed. In addition, more sophisticated treatments of the transport time τ i have been shown to more realistically reproduce experimental results [31]; such quasi-empirical transport times could be incorporated directly into our phenomenology. Most importantly, our somewhat artificial assumption that the magnetic field is applied along the easy-axis in not necessarily realized in experiment. Instead, even simple bipartite AFs such as those modeled by our phenomenology above show complex paramagnetic behavior in response to a field applied along different axes. In these scenarios, heterostuctures may manifest both antiferromagnetic and ferromagnetic transport behaviors [24] . Future work, such as the drift-diffusion approach discussed above, is needed to fully understand such scenarios at a more fundamental level. We start out by defining the AF Hamiltonian. Introducing a square lattice, labelling the sites in the lattice by i, on sub-lattices A and B, the nearest-neighbor Hamiltonian readŝ
where J > 0 is the exchange coupling, H the magnetic field and κ > 0 the uniaxial easy-axis anisotropy. Introducing the Holstein-Primakoff transformation, assuming a bipartite ground state, the spin operators in the limit of small spin fluctuations readsŝ
The AF Hamiltonian Eq. (A1) is expanded up to fourth order in the magnon operators, Fourier transformed through the relations
AF wherê 
with the coefficients l q =
≡ −χ q l q and q = (Jsz +κ) 1 − ξ 2 γ 2 q , resulting in Eq. (4). In the diagonal basis, the interacting Hamiltonian Eq. (A4) finally becomeŝ
where the scattering amplitudes are V (a)
1234 . The functions Φ (a) are the following expressions
. Note the symmetry relations among these coefficients Φ
3412 , Φ
and Φ (8) 1234 = Φ
3412 . The form of these expressions differ from Ref. [33] , where a Dyson-Maleev transformation was considered.
Appendix B: Scattering Lengths
In this section, we compute the field and temperature dependences of g αα and g ββ through the Fermi's golden rule. To start with, we incorporate magnon-magnon interactions by expanding the Hamiltonian, Eq. (2), up to fourth order in the magnon operators. In the diagonal basis the interacting Hamiltonian becomes Eq. (A7). The interacting Hamiltonian represents all possible scattering processes among α-and β-magnons which are schematically depicted in Fig. 6 . We emphasize that the scattering processes, represented in Fig. 6(b), (d) and (e), do not conserve the number of magnons, unlike those in Fig. 6(a) , (c) and (f), even though the difference n α − n β is constant because of spin angular momentum conservation. Inelastic spin-conserving processes, represented in Fig. 6(b), (d) and (e), contribute to the transfer of one magnon mode into the other and thus determines the coefficients g αα and g ββ . We quantify this effect evaluating perturbatively by computing the rate of change of magnons using Fermi's golden rule. (1) , V (4) and V (9) , respectively. In (b), (d) and (e) is shown those inelastic processes that do not conserve the number of magnons. These are scattered by the interacting potential with amplitude V (3) , V (6) and V (7) , respectively. Those processes with amplitude V (2) , V (5) and V (8) are the hermitian conjugate of the above and thus are omitted.
Based on time-dependent perturbation theory, the transition rate between an initial |i and a final state |f is given by Fermi's Golden Rule, which reads Γ = (2π/ ) i,f W i f |V |i 2 δ ( f − i ). The sum runs over all possible initial and final states, W i is the Boltzmann weight that gives the probability of being in some initial state,V is the matrix element of the Hamiltonian corresponding to the interactions and the delta function ensures energy conservation. Next, we compute the transition rate for all scattering processes. We recognize that a final state can be either any of those described in Eq. (A7). However, those processes that conserve the number of particles, α-or β-magnons, have a zero transition rate. Only the states that do not preserve the number of magnons contribute to a finite transition rate. For instance, an eventual final state, see Fig. (6)(b) , can be the annihilation of one α-magnon with momentum q 3 and creation of one β-magnon and two α-magnons with momentum −q 4 and q 1 , q 2 , respectively. The outcome of this process is the creation of one α-and one β-magnon. The transition rate of this process is denoted as Γ [f α (q 1 ) (1 + f β (−q 2 )) (1 + f α (q 3 )) (1 + f α (q 4 )) − (1 + f α (q 1 )) f β (−q 2 ) f α (q 3 ) f α (q 4 )]
with f α and f β the distribution for α-and β-magnons, respectively. In Eq. (B1) we have taking into account the hermitian conjugate of this process to ensure a well defined thermodynamic equilibrium. Also we use the symmetry relation Φ
1234 = Φ (2) 3412 to take the scattering amplitude V
q1q2q3q4 as a global factor. This procedure is repeated for the other processes, Fig. (6)(d) and (e), thus giving the total transition rate Γ αβ = Γ
αβ + Γ (6) αβ + Γ
αβ . Thus Γ αβ represents the net imbalance of both magnon modes by successive scatterings events that change instantaneously their densities, n α and n β .
As was earlier pointed out, we consider a thermal equilibrium with the phonon bath at temperature T . We assume a Bose-Einstein distribution for magnons f α,β (q) = e 
αβ ≈ −
where f 0 α,β denote the equilibrium distribution. Combining the results given by Eqs. (B2-B4), we obtain for the total scattering rate Γ αβ = −g (µ α + µ β ), and therefore g αα = g αβ by comparing with Eqs. (5a) and (5b). The coefficient g is given by
Despite the complex expression for the factor g in Eq. (B5) it can be estimated in certain temperature regimes. For instance, at high temperatures the thermal energy is much higher than the magnon gap, therefore α,β (q)/k B T ≈ (Jsz/k B T ) a|q|, i.e., the exchange energy is only magnetic coupling that becomes relevant. Thus, at large temperatures we obtain
where Ω is a dimensionless integral defined as Ω = dp 1 (2π) 3 dp 2 (2π) 3 dp 3 (2π) 3 dp 4 (2π) 3 δ (p 1 + p 2 − p 3 − p 4 ) v To obtain Eq. (B6) the continuum limit was taken by the replacement q → V ((Jsz/k B T ) a) −3 dp/(2π) 3 on Eq. (B5), where the dimensionless wavevector p = (Jsz/k B T ) a|q| was introduced. The short notation for the Bose factors is adopted f i α,β ≡ e p i ∓βµe − 1 −1 . We notice that in the limit of very large temperatures the Bose factors approach the Raleigh-Jeans distribution, i.e., f i α,β ∼ k B T /(Jsz)a|q|, and Ω becomes independent of temperature. The total chemical potential, µ α + µ β , at equilibrium goes to zero and thus we introduce µ e = µ 
